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TECHNICAL NOTE 2431

SKIN FRICTION OF INCOMPRESSIBLE TURBULENT BOUNDARY
LAYERS UNDER ADVERSE PRESSURE GRADIENTS

By Fabio R. Goldschmied

SUMMARY

Experimental data for skin friction of turbulent boundery layers
under adverse pressure gradients from several sources are presented in
graphical form. Data obtalned by the momentum-balance method are shown
to follow a trend opposite to that of data obtained by hot-wire and
heat-transfer methods. The momentum equation and total-pressure-
measuring techniques are discussed in reletion to skin-friction
calculations.

The conclusion is reached that momentum method 1is of questionable
value In regions of adverse gradient and should not be relied upon
because the sensitivity to small measuring errors and to deviations from
assumed flow condlitions in test channels is too great. A new integral
energy paremeter is introduced and its relation to skin-friction data
is demonstreted on the basis of available material. A new momentum
thickness which includes the turbulent momentum contribution, is also
introduced, and it is shown that this thickness may be as much as

7% percent lower then the conventional momentum thickness, near the
turbulent separation point.

INTRODUCTION

The present knowledge concerning the development of turbulent
boundary layers under adverse pressure gradients and approaching
separation is far from adequate. In particular, the skin friction
under adverse pressure gradients cannot be determined with reasonable
accuracy because of the lack of enough reliable experimental and
theoretical information. Only through positive boundary-layer-control
devices, such as suction slots, suction areas, vortex generators, and
80 forth, can the design engineer be reasonably assured that the boundary
layer will develop in a desired manner.

The present analysis was prepared at the NACA ILewls laboratory to
assemble and to review in a critical manner the available informstion
concerning the skin-friction trend of an incompressible turbulent
boundary layer in regions of adverse pressure gradients in order to
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show the conflicting data obtained by different experimental methods
and to bring out the important characteristics and parameters affecting

skin-friction development.

Because of the absence of a known fundamental relation between the
mean velocity gradient and the statistical quantities deseribing the
turbulent field in the general case of shear filow, the theoretical
approach to the study of turbulent boundary layers has been based almost
exclusively on integral methods; possible solutlons have been sought that
would satisfy, not the local differential relations as glven by the
Reynolds equations (reference 1), but only "over-all averages" of momen-
tum (reference 2) and energy (references 3 and 4) across a boundary-layer
section.

In general, the averaging across the boundary-layer section may be
weighted by multiplying the equation of motion before integration by
some arbitrary function chosen to give greatest importance to some
particular area of the boundary-layer section, such as the area closest
to the wall or the area nearest to the free stream. Such welighted
integral equations are developed in references 5 to 7.

These methods provide one or more algebraic relations between wall
friction and an equal number of parameters employed to describe the mean
velocity profile. Thus, even for cases of zero pressure gradient, a
solution for boundary-layer development requires an empirical relation
for skin friction.

A sufficient quantity of data available for skin friction of low-
speed turbulent boundary layers under zero pressure gradients (flat-
plate case) has enabled several authors to develop empirical formulas
for skin friction as a function of the Reynolds number based on momentum
thickness. These formulas are strictly applicable only to the flat-plate
case. German suthors generally use the Schultz-Grunow formula (refer-
ence 8); British and American authors, the Squire and Young (reference 9)
and the Falkner (reference 10) formulas.

When the turbulent boundary layer develops under an sdverse pressure
gradient, both skin friction and mean velocity profile depend in some
manner on pressure gradlent. In leminar flow, the pressure gradient
enters the analysis through a single dimensionless group called the
Pohlhausen A (reference 11). Doenhoff and Tetervin (reference 12), Buri
(reference 13), Gerner (reference 14), and Kalikhman (reference 15) have
proposed the use of various quantities, all analogous to the Pohlhsusen A,
to describe the effect of pressure gradient on the turbulent boundary

layer.

The following experimental techniques have been employed for the
measurement of turbulent skin friction in an adverse pressure gradient:

2612
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(a) Total-head survey: Meen velocity profiles, measured by total-
head surveys, permit solving the integrated momentum equation for skin
friction. This method is in principle simply the reverse of the
theoretical approach discussed previously, whereby a skin-friction law
is assumed in order to compute mean profiles and development.

(b) Heat transfer (reference 16): A small heating element is
inlaid flush with the test surface. Heat is convected awsy from this
element by the flow in the laminar sublayer next to the wall. The £ilm
coefficient may be measured and related by calibration to skin Priction.

(¢) Hot-wire anemometer (references 17 and 18): Velocity fluctu-
ations affect, by convective cooling, the electric resistivity of a small
heated wire. Turbulent fluctuations in the boundary layer may therefore
be measured to provide an evaluation of the Reynolds stress close to the
test surface.

This report is primarily concerned with a comparative discussion of
these techniques, the data obtained by the various investigators, and the
resulting theoretical impiications.

DISCUSSION
Influence of Surface Roughness, Free-stream Turbulence
and Transition History

It i1s well known that skin-friction values depend on surface-
roughness conditions (reference 19 to 21); consideration must also be
given, however, to the influence of free-stream turbulence on skin-
friction development for a given chordwise position of the transition
from laminar to turbulent flow. The transition history of a turbulent
boundary layer hes been investigated experimentally (reference 22) and
1t has been found, in the case of zero pressure gradient, that for a
given Reynolds number Re, the state of the boundary layer is the same,
with respect to mean velocity profile and energy spectrum shape, regard-
less of the manner in which transition has been caused, provided that a
sufficient length of run is allowed for settling. This investigation of
transitioa-history effects has proved to be very important; because here-
tofore it had not been apparent that the turbulent boundary-laeyer develop-
ment ls independent of the type of transition, which may occur in a
miltitude of different ways.

Surface roughness and free-stream turbulence both influence the
energy transfer from mean to turbulent flow by increasing the turbulent
shear and modifying the mean velocity gradient. An example of the
influence of free-stream turbulence on the skin friction of a turbulent
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boundary layer under adverse pressure gradient, as presented by Tillman
in reference 21, is shown in figure 1. Percentage wise, the difference
in skin-friction values between runs with and without a turbulence grid
is quite appreciable and comparison between results of different authors
cannot be properly made unless turbulence conditions are exactly speci-
fied by relevant statistical quantities along the flow path, which has
very seldom been done in the past.

The difference in mean velocity profiles at the same station for a
boundary layer on a flat plate with and without a turbulence grid, as
presented by Wieghardt (reference 20) is shown in figure 2. The boundary
layer thickness is respectively 80 and 50 millimeters, as given In ref-
erence 20. Consequently d.e/dx may also markedly depend on free-stream
turbulence. (Symbols are defined in appendix A.)

Most data have been obtained under low-turbulence conditions and
great ceution must be used in applications to high-turbulence conditions,
such as exist in turbo-machinery.

Skin Friction in Adverse Pressure Gradient by Momentum Method

A number of suthors, among them Gruschwitz (reference 23), Tillman
{reference 21), Wieghardt (reference 24), and Wieghardt and Tillman
(reference 25) have measured the skin friction of a turbulent boundary
layer under adverse pressure gradient by the Kérmén momentum method.

The Kdrmfn momentum equation may be written:

1
Lo (m2) = Ce (1)
As shown in appendix B, this equation may be obtained by integrating the
Reynolds differential equation “through the boundary layer, subject to the
assumptions arising from Prandtl's concept of a thin boundary layer as
applied to turbulent motion. Thus, the mean pressure is taken to be a
function of x alone, and the x-derivatives of both mean or fluctuating
quantities are neglected in compédrison with the y-derivatives of the
seme quantities. This second assumption is doubtless valid for mean flow
quantities, but for fluctua“ing quentities justification must be based on
analysis of experimental evidence. An analysis of this sort will be pre-
sented subsequently.

- Total-pressure surveys and well static-pressure measurements suffice
to determine the left-hand side of equation (1), which is then identified
with the wall skin-friction coefficlent Cfo.

26Te
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For illustration, curves of the skin-friction parameter CfoRel/s

agalnst x are plotted in figures 3(a) and 3(b) from data of refer-
ences 25 and 18, respectively. Another example of the variation of

Ce with x is given in figure 1 from data of reference 21. For the
cases of figure 3 which represent different pressure gradients, neither
surface conditions nor free-stream turbulence have been specified, but
transition has been artificlally forced, always at the same position, by
means of a wire set in place immedistely after a suction slot. Pressure
distributions for all cases 1llustrated can be found in the references
noted. PFalkner's curve has been shown in figure 3 for convenient com-
perison with what would be corresponding flat-plate values. The curves
all show a considerable increase in the direction of flow, whereas by
laminar analogy it was expected that the skin friction would decrease
monotonically to zero at separation.

The apparent increase of skin friction in the flow direction,
which at first appears to be an established experimental fact, has
fascinated many researchers. Doenhoff and Tetervin (reference 12)
recognized the contrast and the possibility that the total-pressure
measurements were too high because of relatively high turbulent fluctu-
ations, but nevertheless accepted the increasing trend as substantially
correct. Garner (reference 14), who rejected the skin-friction data of
reference 16, also accepted the increasing skin-friction trend.
Gruschwitz (reference 23) and Tillman (reference 21) looked for possible
causes of error.

No practical use, however, has been made of these data for appli-
cation to solutions of the K&rmfn momentum equation for ©; only flat-
plate empirical formulas based on Re have been used for this purpose,

in cases of pressure gradient, on the assumption that €6 does not
depend strongly on the precise form of the function CfO(X). Doenhoff

and Tetervin (reference 12) and Kalikhman (reference 15) use the Squire
and Young formule (reference 9). Garner (reference 14) uses the Falkner
formuls (reference 10) while the Schultz-Grunow (reference 8) formula
is used by German suthors.

Verification that the momentum thickness © computed from the

Kérmén equation is insensitive to Cp may be obtained from the data
o)

of Schubauer (reference 18); the momentum thickness © has been computed
with his experimental values of H, by using several sets of values for
Cfo of which two are of interest here:

(1) The experimental values of Cf, computed according to the
Kérmén momentum equation from the faired experimental 6 points

(2) Falkner's skin-friction values based only on Rg and with
pressure gradient effects neglected
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These two values of CfO (together with a curve obtained with a

hot-wire anemometer to be discussed later) are plotted in figure 4.
The difference in the resulting © values, shown in figure 5, is
proportionately quite small, so that 1t seems reasonable to use flat-
plate skin-friction formulas, such as Falkner's when © is to be
computed. In other words, at least in the range of these data, ©

is really insensitive to changes of Cfo. (In fig. 5 a set of points

of "turbulent momentum thickness" and a set of © values computed on the
basis of hot-wire skin friction are also presented for later discussion.)
On the other hand, when skin-friction values are computed from experi-
mental © data by using the Kfrmfn momentum equation as an algebraic
equation for Cfo’ it appears that Cfo is very sensitive to small

changes in de/dx.

2192

One-parameter correlation for Cfo. -~ From laminar analogy, several

authors have attempted to show a one-parameter correlation for Cfo as
obtained by the momentum method. Garner (reference 14) attempted to

7 1/6 1/6 U
3 Cfo Re is a universal function of eRe - and

inferred from some experimental data that —Z—S cfo Rel/ 6 is constant and
equal to 0.007623 for eRgl/6 %l— b -0.01. The data of references 25 and

show that

18, plotted in the manner of Garnmer, are shown in figure 6 and seem
clearly to disprove his contention.

Wieghardt and Tillman (reference 25) and Tillmen (reference 21)
1]
attempted to correlate Cfo with the pressure parameter 6 %- Fig-

ure 7 shows curves of Cfo against © -I-]ﬁ'- , from data of reference 21.

Figure 8 shows curves of skin-friction parameter CfO Rel/ 6 against a

similar pressure parameter %l from the data of references 25 and

18; it appears that a typical curve is one with a return loop, so that,
for a given value of the pressure parameter, two values of the skin-
friction parameter are possible. Furthermore, the points are scattered
over a wide region instead of forming a universal curve.

These date indicate most clearly that the skin-friction parameter
does not depend on the local values of the pressure parameter in the
manner that the skin friction depends on local values of Re in the case

of zero pressure gradient.
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Two-parameter correlation of C.PO. - For a two-parameter correlation
of Cfo, a new second parameter must be selected as none appears in the

literature. Surface roughness and free-stream turbulence have an effect
on the boundary-layer development because the rate of energy transfer
from mean to turbulent flow is modified across the boundary-layer section.
It was therefore believed reasonable to select & parameter indicative of
the profile of energy transfer, in dimensionless form, such as the right-
hand side of the mean energy equation (derived in appendix C). This para-
meter, denoted by E, is

° —_ -3 ° -3 2 2 ® -3
i u'v’ 0 [u ofu Yy (u -v! u? u u'z-—v’
E=3l| = H\@/¥7| &\FS \T = )T\ =2
u u u
0
or

o}

u ﬁ?' u‘z-v'Z
Ilftz ﬁ l-'[Tz" l+2—_2—- dy
u
0

1/6

As was expected, the skin-friction parameter Cs R did not

00
correlate against local values of the paremeter E. If, however, Cfo

is assumed to be a function of R, u ¥, and E, then a plot of C Rel/s
MY To

against E for constant values of %'_ Vv might be expected to show some
degree of correlation.

Typical results of such an attempt at two-parameter correlation are
shown in figure 9. It would appear that no matter how small the pres-
sure parameter is chosen CfoRel 6 increases monotonically as a function

of E, possibly along the straight lines shown in figure 9. An appreci-
able amount of scatter of the points occurs about these lines, but the
scatter 1s not too large to be attributed to experimental or computational
error.
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The foregoing approach is of value only insofar as the momentum
measurements by total-head surveys are substantially correct and the
quantity heretofore denoted CfO meintains a physical significance as

the right-hand side of the momentum equation.

Hot-Wire and Heat-Transfer Measurements

Experimental methods have been developed that allow evaluation of
the turbulent shear stress in the vicinity of the wall in regions of
adverse pressure gradient. This turbulent shear is considered to be
transmitted across the laminar sublayer to the wall according to the

xy _ 9D ' £
relation —557-= S5’ obtained from Reynold's equation and evaluated a

the wall. Schubauer and Klebanoff (reference 18) have shown that the
skin friction, as determined by an X-type hot-wire set as close as
possible to the wall, according to the scheme just described, exhibits
a monotonic decline in the region of adverse pressure gradient down to
zero at separation.
[

Ludwieg (reference 16) recently developed a heat-transfer type
instrument, which, when calibreted dynamically, is capable of direct
megasurement of skin-friction magnitude and direction. A small heating
element, flush wlth the wall is cooled by convection, losing heat
through the laminsr sublayer. The heat-transfer coefficlent is
evaluated experimentally and related by calibration to the local skin-
friction coefficlent.

This method of measurement, though requiring careful calibration,
would appear capable of providing a direct measure of the wall shear-
ing stress and has the additional important advantage that its use
probably involves negligible aerodynamic disturbance of the flow, since
the instrument is flush with the wall and the velocity profile 1s
independent of the temperature profile for substantially constant prop-
erty values of the fluid.

Certain date have been obtained with this instrument by Ludwleg
and Tillman (reference 26) that show a monotonically declining skin-
friction trend for two cases of adverse pressure gradients. These
data cannot be regarded as conclusive since pressure gradlients were not
specified except as to sign, boundary-layer thicknesses were not given,
and the separation points were not indicated.

In figure 10, the data from reference 18 and reference 26 are
plotted against Rys for comparison, the empirical flat-plate skin-

friction formulas of references 8. to 10 are also represented. The hot-
wire points lie on a curve which seems to be too high to assure a smooth
Joining with the flat-plate curves. On the other hand, the data of ref-
erence 26 join smoothly with the flat-plate curves.

26123
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PROBLEM OF CONFLICTING SKIN-FRICTION RESULTS

Inasmich as “the momentum, hot-wire, and heat-transfer data dis-
cussed in the preceding sections are presented by different authors,
such data are not necessarily comparable or applicable to the same
phenomenon. In Schubauer's case, however, it is possible to compute
the momentum skin friction from the data available and to compare it
with the hot-wire results; the data points are plotted in figure 4, and
show that a rising momentum-skin-friction trend is concomitant with a
decreasing hot-wire skin-friction trend. Such a check could not be
made from the Ludwieg-Tillman data because of insufficient information.

This discussion suffices to show that the experimental evidence
concerning the skin frictlon in an adverse gradient is glaringly con-
tradictory. The trend shown by the hot-wire method (end supported by
the heat-transfer data) msy be correct; the trend shown by the momentum
survey method may be correct; or both mey be in error. The following
paragraphs present a preliminary study of the errors inherent in the
current methods of obtaining skin-friction results in sn adverse pres-
sure gradient.

Possible inadequacies of momentum theory based on two-dimensional
stationary mean flow. - The KarmAn momentum equation may not be
adequate for adverse-pressure-gradient conditions. What has been
computed as skin-friction coefficient may actually be the sum of
several integral terms, or in other words, the well-known Prandtl
boundary-layer assumptions may not satisfactorily epply. No experi-
mental or theoretical evidence has been presented that the Kirmén
momentum equation does provide an adequate momentum balance for the
turbulent boundary layer under adverse pressure’ gradient end approaching
separation, whereas the hot-wire and heat-transfer data tend to show
that it does not.

It is therefore necessary to return to the complete equations of
motion for two-dimensional mean flow with three-dimensional turbulence,
with the assumption that mean turbulent quantities do not vary in the
z-direction. In appendix B, the following integral momentum condition
is derived from the equations previously described;

oy gy
— + 7 0 (HgH2) = Cp, + A+ B (2)
where
- = T T
u u Jy _ XX
pu pu
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and
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[ hewac

The conventional laminsr momentum-thickness expression is modified
to include turbulent-momentum contributions, which also means that the
shepe factor H‘b is modified accordingly because &% remains unchanged.

(The turbulent fluctuations by definition do not contribute to mass flow.)

In isotropic turbulence, where Ty, = Tyy’ and in zero turbulence,
where T, = Tyy = 0, © = 0,5 however, it is well known that the turbulent

field must be strongly nonisotropic in shear flow. Only at the free-~
gtream boundary and at the edge of the laminar sublayer will T, - Tyy
actually be zero.

In figures 11 and 12 the mean and turbulent proflles, from refer-
ences 18 and 20 are shown. Values of 6 and et computed from these

data are presented in the following teble for.data from reference 20:

0 - 04
Turbulence grid| 6 et o X 100 Rx Fig.
(percent)
With 4.48|4.30] 4.18 6.25 x 105 | 12(a)
Without 5.39|5.22] 3.26 6.25 X 10° | 12(b)

2192
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and values based on reference 18 are presented herein:

9 - Gt
X ) 6, o X 100 Ry Fig.
(percent)
17.5| 0.2318 | 0.2202 5.27 0.213 X 10°| 11(a)
20.0| .3302 | .3146 4.96 .281 11(Db)
21.0| .3984 | .3796 4.96 .321 11(c)
22.5| .6308 | .5988 5,34 472 11(d)
23.5| .7228 | .6916 4.52 511 11(e)
24.5| .9468 | .9076 4,32 .634 11(fF)
25.4 | 1.1812 | 1.098 7.57 .766 11(g)

From these tabulations it 1s apparent that the turbulent momentum
thickness 6, can be over 7.5 percent smeller than ©; the difference

between d.et/d.x and d6/dx may be larger, but it is impossible to

estimate how much. 1In figure 5, ©; is compared with the experimental
values of © and with values of © computed from the formula

Cp Rel/ 6 = 0.006534 (Falkner's formula), and from hot-wire results.’
0

On the right side of the complete momentum equastion there are then
three terms, of which the first is the skin-friction coefficient CfO )

the second is the contribution from deviation of the turbulent flow-
field from the Prandtl assumptions A, and the third is the contribution
from the deviation of the mean flow field from the Prandtl assumptions B,
A measurable pressure gradient must exist across the boundary-layer
section if terms A, B, or the sum assume an appreciable magnitude. In
other words, the transverse pressure gradient can originate from
longitudinal gradients of the turbulent flow field, the mean flow field,
or both.

According to the Prandtl approach, longitudinal gradients can be
neglected in comparison with transverse gradients. Prandtl, however,
referred to laminar flow fields; in turbulent regimes, his assumptions
can be expected to epply only to the mean flow field, as Liepmann and
Laufer (reference 26) point out.

On the basis of direct pressure measurements, Schubauer and
Klebanoff (reference 18) state that only "barely detectdble" pressure
differences were found across the boundary layer at some stations; it
therefore seems safe to conclude that no apprecieble transverse gradient
has been found experimentelly. On the other hand, computations of terms
A and B should result in agreement with this conclusion; that is, A + B
should be negligible in comparison with Cfo.
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On the basls of the extensive experimental material presented in
reference 18, this computation of terms A and B has been attempted.
Because of the difficulties of obtaining first and second x~-derivatives
graphically, however, the accuracy of the results is not sufflcient to
allow their presentation; A and B are probably indeed negligible up
to the vicinity of the separation point, If A and B are negligible,
the right side of the momentum equation is represented by Cfo alone,
at least for engineering purposes, and the discrepancies between momen-
tum skin-friction data and hot-wire and heat-transfer skin-friction can-
not be attributed to inadequate momentum theory for two-dimensional

flow.

As was mentioned in the preceeding section, hot-wire measurement
of wall friction involves, according to theoretical considerations, a
straight-line extrapolation from a point on the experimentally determined
Reynolds stress profile. This point is taken as the point of tangency

of the Reynolds stress profile to the straight line of slope axy = gﬁ-
Y

Thus it is assumed that down to the immediate vicinity of the wall, the
Reynolds shear is much larger than the molecular sheer, and that in this
viecinity the curvature of the total shear profile is negligible. The
accurascy of these assumptions remains to be evaluated experimentally.

Inadequacy of experimental technique: Velocity measurements in a
turbulent field can be made either by & total-head tube or by a hot-
wire anemometer. ILiepmann and Laufer (reference 27) show that the
total-pressure-probe value is consistently higher than the hot-wire
value by an appreciable amount. If a total-pressure tube is con-
sidered as reading the sum of the mean velocity and of the root-
mean-square fluctuating velocity, the effect of this error on the
determination of © will depend, among other things, on the
relative fluctuation profile; that is, on the profile of u'/u. It is
well known that u'/U cen assume values up to 0.40 in the vicinity of
the wall. Inasmuch as d9/dx 1s wanted rather than © itself, it is
not clear what contribution to a possible Cfo error 1s given by high

total-pressure readings.

Possibility of secondary flows or violent unsteadiness: As the
separation region is approached, secondary flows may be induced in the
boundary layer, which invaelidates the two-dimensional assumptions.
Tillman made an investigation of this effect in rectangulsr test channels
for his doctoral thesis (GOttingen, 1947) and states that an appraisal of
the effect of secondary flows glves a Cfo value lower by some 40 per-

cent, as discussed in reference 26. There is & possibility that the
turbulent fluctuations become large near separation; such large fluctu-
ations might impart a violently unsteady character to the flow and cause

L)
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large cross flows. The decidedly nonlinear behavior of turbulent flow
is evidenced by the recent observations (reference 22), that turbulent
fluctuations occur actually in gusts or bursts in turbulent shear flows
with a free boundary. In this event, none of the methods discussed
would be adequate in the vicinity of separation.

This discussion of the methods for determining skin friction of
turbulent boundary layer under adverse pressure gradients and approach-
ing separation thus indicates that the momentum method is of question-
able value because it is too sensitive to errors in the determination
of © values and because it assumes two-dimensionality of flow, which
mey be difficult to achieve in test channels. It would therefore seem
plausible, on the basis of the evidence available, to consider the skin-
friction trends observed by the hot-wire and heat-transfer methods to
be more reliable than the momentum trend. The evidence should not,
however, be regarded as conclusive.

RELATTON OF SKIN FRICTION TO RATIO OF ENERGY QUANTITIES AND TO

MEAN VELOCITY~PROFILE PARAMETER

For the data of reference 18, a certain integral-energy ratio shows
exactly the same trend as the hot-wire skin friction, which may be coin-
cldental inasmuch as no supporting evidence as yet exists.

The quantity

1 =3
zpudy

[[weee

is plotted against the experimental hot-wire Ofo in figure 13.

-1

The similarity of the curves is close over the entire range, so
that the points bracket the 45° line quite well; furthermore, this
similarity also extends into the favorable-gradient region (not showm
in fig. 13). In terms of boundary-layer thicknesses, this similarity

t 3
indicates that ¢ is proportional to [% -'%7 - ] . Thus, in

hif
0
physical terms, the ratio of the volume integral of the turbulent energy
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production to the section integral of the kinetic energy appears to be
related to the local skin friction as determined by the hot-wire method.
From their heat-transfer data, Iudwieg and Tillman (reference 26) suggest
a formula for the skin-friction coefficient, which is based on the form
parameter H and on the Reynolds number Re:

Cfo = 0.123X10~0.678H Rg-o.zsa

This equation has been gpplied to the date of Schubauer and Klebanoff
(reference 18) with the experimental values for H and Ry The results
are plotted in figure 133 the ILudwieg~Tillman curve falls below that of
the hot-wire points; however, 1t is apparent that the two curves are
similar, since very good correlation is cobtained when the Ludwieg-
Tillman curve is multiplied by 1.52, which is the ratio of the skin-
friction values at the initial point (x = 17.5).

CONCLUSIONS

The discussion of the behavior of the turbulent boundary layer in
adverse pressure gradient leads to the following conclusions:

Surface roughness and stream turbulence, affect the skin friction,
and thus should be specified in boundary-layer investigations.

The skin friction determined according to the momentum-survey
method cannot be considered a function of a single pressure parameter,
as in laminar fiow. A turbulent-energy production parameter is proposed
as an additicnal quantity upon which the momentum skin friction may
depend. This parameter also appears to be related to the skin friction
as determined by the hot-wire method.

The skin friction obtained by the momentum method for adverse pres-
sure gradlient shows an increasing downstream trend, whereas data obtalned
by the hot-wire and heat-transfer methods show a decreasing trend.

In order to establish the correct skin-friction trend, it may be
necessary to consider violent fluctuatlions and secondary f£lows near
separation; it would also seem advisable to investigate thoroughly the
accuracy of the accepted method of inferring well friction from the
Reynold's stress profile determined by the hot-wire method. The
Ludwieg heat-transfer instrument shows promise as an engineering tool
for measuring the true skin friction, and should be fully exploited.

The momentum-survey method for the experimental determination of
skin friction in an adverse pressure gradient is of doubtful value

A

2612
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because this method is highly sensitive to errors in measurement and
because secondary flows (not contemplated in the method) probebly exist
near separation.

Available experimental information does not permit drawing firm
conclusions as to the true skin-friction trend in an adverse gradient.
If, however, it is assumed that .elther the momentum method or the hot-
wire method ylelds the correct trend, the welght of evidence would
appear to be in favor of the hot-wire results. ’

National Advisory Committee for Aeronautics,
Lewis Flight Propulsion Laboratory,
Cleveland, Ohio, March 21, 13830.
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APPENDIX A

SYMBOLB

The following symbols are used in this report:

A turbulent contribution to deviation from Prandtl's assumptions
as glven by equation (B17)

B mean flow contribution to deviation from Prandtl's assumptions,
as glven by equation (B18)

Ty
Ce coefficlent of shear at the wall, —-I-]-z—
0] p YO,
E dimensionless energy transfer from mean to turbulent flow, as

glven by equation (C13)
mean velocity-prafile-shape parameter, (5* /G)

H
Hy profile-shape parameter, accounting for complete momentum
deflciency, (&%/ey)

P instantaneous static pressure

R, Reynolds number formed with chardwise distance, (Ux/V)
Ry Reynolds number formed with momentum thickness, (Uo/V)
U

free-stream velocity at edge of boundary layer

U first derivative of U along chordwise direction, (dU/dx)
u" second derivative of U along chordwise direction, (dzU/dxz)
u instantaneous velocity in x-directlon

v Instantaneous veloclty in y-direction

W instantaneous velocity in z-direction

b'd distance along streamwise or chordwise direction

N distance along dlrectlion perpendicular to wall

z distance along direction perpendiculsr to x-y plane

2612
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5*

turbulent-boundary-layer thickness, extending by definition to
u' v!'

ulZ#;E

displacement thickness, representative of mass-flow deficiency
o) .

o)

momentum thickness, representative of mean-flow momentum

point where is equal to arbitrary small value

o)

o]
deficiency, %1 ( - E)dy
0

turbulent momentum thickness, representative of total momentum
deficiency, as given by equation (B16)

Pohlhausen parameter, (E;U_'

absolute- viscosity

kinematic viscosity

mass density

total normal stress acting along x and on y-z plane

° (p-g-g+(- p;—2->

total shear acting along x and on x-z plane, (u % + (—pu'v'>

total shear acting along y and on y-z plane, <u g—v + (—pu'v')>
b'e

total normal stress acting along ¥y and on x-z plane

-
(—u a—z + (-pu?)
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¥ energy thickness, represen‘ta"bive of mean flow-energy deficiency
d
u u
= l1- 3 )ay
U ( U2>
0]
LER turbulent energy thickness, representative of total energy

deficiency, as given by equation (C12)
Primes on small letters indicate fluctuating quantities

Bars above symbols indicate temporal mean quantities

2192
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APPENDIX B

DERIVATION OF INTEGRAT, MOMENTUM EQUATION

The Reynolds equations of motion of an incompressible viscous

19

fluid for two-dimensional steady flow with three-dimensional turbulence

are
~u, =30, 13 _ (3% 3™\ 373 3 == 3 ——r
uvé}'+v~d?+56—£nv<?+-a—y§ g}; 3; Fuw
% =, 1% (3% 3%\ D —— 3 TF_ D
uax+vay+p%=v<5;§+a—'y§ --S-}E'uv -g};V’ -a—z-vw
9 —— ==, 9 .2
0= 3% vV + —; viw' + S; W
The equations of continulty are
\
du Bv
dx * Sy~ ° $
ou' , dv' . dw!
> "% T2 “J

»(B1)

(B2)

Assuming no variastion of turbulent mean quantities in the z-direction

and assemblying the stress terms produces

-

(B3a)

—du _—du 13 139 du —3 10 du

Ut Yoy teoxT o [Faxt (o) + o5y gy ()
_ov -3 13 13 [ &+ —_— 19 ov 3
UtV tpdy=pdx et (VI + oSy Tyt (ov®)

0o e, D o
=-5}uw+5-§vw

(B3b)
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When the following definitions are made,

W %;—i + (-pu'®) = T
du _
B3y (-pu'v') = T

|
-

ov —
b5 () = Ty

u% + (-pv'?) 5 Ty

i}

and the third equation of motion is neglected, the following equations
are obtained:

—du,—=0%u _ 1¢ 10 19
u X+V%+B&=E&TH+E¥T}W (B43.)
—dv =0v 10dp 19 109
LRt TS tey T oEm ey Tw (B40)
When the following relations are used,
— du O — 190 -2
v-§§:= Sy L vV+EIEF Y
and
T8 10
dx 2 0x
and
> 3 =3 3u

equations (B4) may be written:

0 2, 0 —= 193 19 19
g]'gu +Fyuv+-5&=-‘—)-a—x-‘rn+zyy'rxy (B5a)
li:ié’:-r TJ.-

A}

2612
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Differentiating equation (BSb) with respect to x yields:

2
3% 123 19Ty 32 _ _ 3w, ,-0%

ol

Inasmuch as the order of differentiation may be exchanged, equation (B6)
may be written:

13 ). 1232 _ 3% - 3%y
(ps‘ b2 X a‘(m w) TIE Ve (B7)

The potential flow impresses on the boundary Jlayer a certaln pressure
gradient; therefore g—l—) at y =09 1is given by the potential flow. The

_9x
3

8; y=6 .
indicated by equation (B7). Integrating from y =8 to y =y ylelds

manner in which is modified inside the boundary layer 1s

Y
s}
Inasmich as
¥l ._.3(x ,
xlyes . Ox\ZPU )= oW
Then
y
1| o(2 1| :
5 ay<ax>dy axy+UU
o}
Therefore
yz v 2 v 2
la—ﬁx_-.._- ' 1 .é__. la "é__" = 9° -
P EEYTIR W Vgt w-) vavy
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Expressing the velocity quantities as dimenslionless ratios over

the local
yields

Ul
27

3

free-stream velocity U, dividing by UZ?, and simplifying
o _ __ =
TLoAT 3 ET, &% 0 T, 3 B, 3Ty (o,
UZBZBUUprZBUZBUZ
U Ut Ty—y- aTyy
-—+ 2 + —= +
R s g
2 T T 2 T
U! u"\ 'yx U' o 'yx 9

2 + 2 ~= + 4 dy +

(UZ U>pU2 U 3% 4 oxf gyt
5
~Y

— — — 2 —

v [U" u Ut 91 9° u

— e+ 2 — =+ ——= = |dy +
JB
Y

iy, ,0035¥ a5

T\T TF* T &07 327 )% (B9b)
(W]

2612
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Substituting for from equation (B9b) into equation (B9a) ylelds:

no
al<
=
+
%1ou
%l
+

3UY U LU T 3 Tx O Ty
3y UT U U 02 Ox gU2 3y y°
vy 3w,
U u2 B;pUz
D
0 U'2+U" Tyx -U—t-i'ry.x az Tyx ay
U2 U ) 02 U 3x 0% 0x2 gU?
JY
S
v(U"u U' du d% u
U(’ffﬁ*z'u‘a_xﬁ SZT0)YF
Y
o)
vy, U 3F 3 F
ﬁ(’ﬁﬁ‘fz‘ﬁ"a;ﬁ’fg;ﬁ o
Y
(810)

From the continuity requirement the following equations are obtained:

Y y
v U u d 1
- —— —_ + —
U Uj Udy &Udy
0

+
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so that
du 3 vV .U'u
=0t%T0="T0 (B12)
Noting that
5 5
uv ik Y a T a5
— p— =t - — - —— — —— 2
T Tlyms T TY - %= s ¥+ & (B12)
0 0
T
_x52’ = 0 (B13)
and that
) 5
—2 —2
d u d u das
SZ Y& ?dy“&i (B14)

0 0

and integrating equation (B10) across the boundary layer from ¥y = 0 to
Y =08 ylelds

2612
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=
e <
2 . . =
a u u e d NAS
— — - + - dy +
s\ (5z ) ;
SO - =
(5
= T2 T T
o u u plod NS
— 2 = - + - === 1dy +
U (U Ul IR
JO
o' a T.XF
-ﬁ,— (l—v)d}’n ; +
0 ¥=0
et
2 U'z_,.Uﬁ II"...,. U' 9 Tyx 3 Tyx &y dy +
Jy S T\# 7T T E G T E

3 Ny
T2 ¥ T2 1
JJ(ﬁ?ﬁﬁ"ﬁﬁﬁ)d‘ydy (B15)
8] o]

G2
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The individual terms of the complete integral momentum equation will be
6 -

u_8, T Tyy
considered. The integral = - + = dy corresponds to

U W@ 2 ou2

2612

the momentum deficiency thickness and may be written in the following
form:

d
9 35 T T
u u Yy XX
0, = =1l -=11+—5 —-— Bl6
6 U U-< a2 pu2> &y (B16)
0

If equation (B16) is identical to the well-known laminar momentum

3

. ey T
thickness © = 1- dy, except for the factor (1 + -3 - X,
U dﬁz 2

0]

which represents the turbulent-momentum contribution.
M5 —
The integral ( —-% dy corresponds to the mass-flow
JO _

deficiency and may be termed the displacement thickness = &¥.

T.

The term xg represents the total shear coefficient at the
PU” [y=0

wall, which may be composed of both laminar and turbulent contributions;
however, at the wall itself, the shear is believed to be entirely

T
X is termed Cf . The double integral
pU? 0

5 Ny
2 n\ T T. 2 T
U U yx U 0 ‘yx 9 VX
2+ = |2+ 4 = — + dy dy (B17)
JJ <Uz U> puf U ox guf P o
0] te}

leminar. This quantity

hereinafter termed A, represents the contribution of the anisotropic
low-frequency turbulent field to the deviation from the Prandtl boundary- -
layer assumptions. If the turbulent field were isotropic, Tyx would

be zero and term A also would be zero.
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The integrals

(B18)

hereinafter termed B, rerresent the contribution of the mean flow field
to the deviation from the Prandtl boundary-layer assumptions.

In conclusion, the complete integral momentum equation may be
written as follows:

;o
5t (28 +8% = ch+ A+ B

Tor comparison the Kérmfn momentum equation is

de

U *
&= T (20+8*) = Cz,,
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APPENDIX C
DERTVATION OF INTEGRAL ENERGY EQUATION

If the Neavier-Stokes equations are multiplied by the correspond-
ing instantaneous velocities and time averages are taken after the
instantanecus-energy quantities are formed, equations describing the
average energy balance of a two-dimensional mean flow with three-
dimensional turbulence are obtained:

., .2 du du_ _udp 20 3% | d%u
uat+u ax+uvay+wuaz——;)-g£-+vu<§xz+ay2+azz)w
v ov ¥2 oY ov _ _ v op 2y . %y | v
BT ’a—yJ’WFz“EFyJ'W@xz*asz'azz) r (@
v o 2w wdp, o (3w 3w Bw

ot dx dy Z p Oz ax2+ay2+azz J

Equations (Cl) can be rewritten as follows:

1%  uduf  vour  wdul. udp A

23t 2 ox +§By R _—E-g;+vuvzu

107 udvd vk wdd v dp 2

23 20 29y 232 Lo VY r (ca)
13w  udw? v oWl w oWl w Op

zot tzx tzyy fz T o Z+Uwv2“w J

Adding the three equations ylelds:

%—% (uB+v2+w?) + %% (wB+v213@) + z % (ul+v2v?) +

%%(u2+v2+w2) = —%(1%5+vg§+wg§>+ué1$u+vvzv+wv2w)

(c3)

X

2612
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The following relations may now be written:

u=u+u'
v=vV+ v’
W=wW+ W'
p=7D+p'

and
uZ + v2 + wo = g2

w? 4 v18 3 w2 = g2

It 1s then assumed that W = 0 for two-dimensional mean flow; thus

EE'I‘VZ:EZ

2 2

u' + v! 12

+w'? = q
and
& = (@u)? + (Fv')2 + w2

2 _ =2

® =3 + 2 (Wu'+w') + q'?

The left-hand side of the equation (C3) thus becomes:

19 |=2 — = z] u+u' 9 |=2 -, 2]
= + 2(qu'+vv') + q! + =T = 2 2 ! ' !
=3t | ( ) + 4 > axq+(uu+W)+q +

v+ v 0 2 —_ = , w9 |=2 =y :2.]
> 5 +2(1ru+vv)+q.]+?a;[q + 2(Tu'+vv') + q

Considering the time derivative, analyzing term by term, and taking
time averages yleld:

o) -
Y8
R [NV
Il
o
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because the mean motion is steady, and

Suu '

= O (EM) =
K- AR

because the time average of Tu' 1s zero.

Similariy,

3 (=7 -
BE('vTr')_o

and
12 —z
}_a_q'__}.é_(q')=o

because, by definition of the mean, the éveraged turbulent quantity
is assumed to be independent of time. Analysis of the terms contealn-

ing x-derivatives yields

2 ox 2
<3 1
T 5 3G =0
ox X
because u' = 0,
— S
gV =ﬁ-§-(vv')=o
ox ox
because V' = 0, and
T3t T3
2 ox 2 ox?

)

2612
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-2""2'
2

31

The quantity pi é% (—— + S%T—> is the net gain of kinetic-energy

transport in the flow direction.
Now:

T 9g° _ |' O

— = = — =—=-= (0 because TU' =0 by definition

2 ox 2 ox

u! o(uu! = ' (ul ?_l_ug?:)

u’ o(v!) = u' (v’ gz + —'gz; =:IT€T

X

ot

The quantity = S5 1s a turbulent energy convection term and

is thus obtained fo

r the x-derivative terms:

__B ? + —,—,Bﬁ —,—;a

u&-( > >+uu $+uv :;
u' dgté
2 Tox

T d(w'u’) du'v) ., du
+ > Aﬁéx + v [ (ax -V -——{]+

Analysis of the y-derivative terms yilelds:

vE v
2 dy 2 dy
—aﬁu' _a bereiY
v = v uu
CaREA
because T' = 0 by definition, and

Il

because V' 0 by definition
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val _ vt '
2 v 2 oy
N
> o
_ 9 tiz + q'z oo
The term pv s is the net gain of kinetic energy of the
dy 2

mean flow in the y direction:

2 - =2
v _v'oal_
2 oy 29y

dy y dy oy

- + V,E S;I—ll = W‘ .EaE + [a(utvl) - u! aV']

2 9oy 2 dy
v'! 9q'?
The term =z S0 is a turbulent energy convection term. Thus, for
y
the y derivetive terms, there is obtained:
iy <§2+g'2> — ¥, - |3E) v
v + u'v! + v'v! + ' —|+

w!aq ::W'XO:O
2 oz 2 .

because W' = 0 and = = o,
dz
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q
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pO(W') = du, e du o 3(utvw') L, ow!
VT TTE Bz+wu8z—u[8z dz
because %:o, )
ST) _ —— 5% . o —<8(v'w' ,Bw')
w! =Wy 5t WV 5 v > v S,
because éf = 0, and
z
w' 3q'? _ w' dg'E
2 oz 2 Oz
Thus, for the z-derivative terms, ,
= [o(u'w') L ow' |, = |3(v W' dg'2
“[—az——‘u sz—]”[ z "V r]+*-7-z

When the pressure terms in equation (05) are considered and moved to

the left side of the equation,

1 | (gunt) (9D . op' Spvt) (SD L Op' : Op'
5[(‘1“)(&*.&")* o) () o v ‘a?]
because %=O, and
i(ﬁaﬁ+ﬁ§5’—1+ B op' 65+v,a‘+u,apr r Op!
AN TS A A
+ OD
Waz)

Teking time averages and noting that B' = 0 yield .~

, Op' >
oz
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Thus, the complete lieft side of the equation, Including the pressure
terms, can be written as follows:

~ 9 (a°+
"3

2 ox 2 oy 2 3z pr p Oy p o
[ av ':—‘xaﬁ 1:8-1;
w'a &+uv X+uv3§+vv3§+ (c)

(u u ) v B(W) —-l-agu'v') ot Bu'] —{o(u'v") " Bv'7
s + 3 Sy +vL S viSs +u[—$—. - -u —B?]'F

Nlﬁl

@) _ | = PG oW
u[az uaz v dz _vaz

()

The next problem is to reduce the expressions to a more compact
and genersl form:

The group of terms listed as (d) can be rewritten as follows:

— ll—a(u ') B(u v') B(u w') (av' + ow' +
I_ ox oy dz oy oz

1 3G |, 3w |, 3(FW) (au aw')
’*”[z Sy > oz " \x T:

— B(u u') B(u v?') ﬂu'w') _ u' ., ov' _ ., oW
u i ox oy oz u’ x dy Y *
— a(v v?) B(u'v') a(v w') ., ov , ou' , oW’
v i oy " Ox oz By -V x "V 3=
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because
19(uu') _ 1 ou' pou'-_ oy ou! _d(u'ut) L, ou’
o T P Y X 3% L
and
iav'v')= téx!_ 1 ov! y OV _ B(V vi) ov!
2 y v 3% Ty Sy TV oy Jy 55—

1 1 4
Inasmch as, by contimity, g%— + g%— + gg— = 0, the following

equation is obtained:

g [owut) a(g'th + ofutw) u'@; + g;‘ + gw’ )] +

ox v dz

_ a(uv) AR Caka) R o) N Sv Brw')
v dy | oz "@; d o

ﬁ[a(lg) N a(g?) N a(ﬁ"%?)] [B(u v') a(v v') a(v W )] (@)

y oz dy

If the group of terms in (c) i1s combined with the new group of terms
in (d), then

W%+E§(%ﬂl+u'v'g—§+?au}'{v')+

W%u;+ﬁa(?)+v'v'—g§+?a(§?)+
Wg-u:-+ﬁa—(g—;i‘)—ir‘ since ﬁ'_w"g—zao because gu;=o
WS—Z+VB(§;"') _since W%:o because g-ﬁ;;o
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or adding

Eu'u'+1_ru'v')+a Tulv! + ¥ v'v! +a Taw + 7 vw)
ox Sy dz

The group of terms listed as (b) may be written as follows:

Ealz+u| ap'_l_v' aqlz 'V" apl+w! aq|2+w_tapr
2 ox o 3x T 2 oy P 3y T2 oz p Oz

_ o 2 f? ;;) ,_a_(gf _') .9.(1'_2. g)
_uax(2+p+v8y2+ YNz e/

Lol k=]

1 1 1
By contimuity, gu + gv + gw = 0; thus terms (b) reduce to:
v z

d Iyt (a'? p') WAL p) d | ..(a? p‘)
&& z "o/ Tl \e T TP \z T

The group of terms listed as (a) can be rewritten to yleld:

GG )



NACA TN 2431 37

By contimuity, gg + g; = 0; thus terms (a) reduce to:

o [ee. 7). 2 ffesm. 5)
BEE[H(-Z 5/l TmlCE te

It is now possible to give the complete left side of the energy
equation in ite final form: ' '

b 1) 3beT ).
s Ml aaes) v

The terms on the right side of the equation are now considered:
D(uvzu+vv2v+wvzw>uv2u
_(_')62_182_152_'
= (utu S—E(u+u ) + ——E(u+u ) + ——E{u+u )
X oy oz

=(ﬁ+u'<32u szu 3%y ! ajzu' Bau')
dx? 3
B )
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When time averages are taken, the following terms are developed:

GBEFE

Similarly, the other terms can be developed:

2= . \o= 2t 2.1 2ot
V(g_z +.§_X> + v,(B v, oy + %y >
x°  Jy® 0%  Jdy? el

and
2 1 2yt 2.1
,<5 LA ) + ) W')

>x° Byz dz?

Thus, the expression on the right side will be

u(ﬁvzﬁ+VVZTr+u' V2u‘+v'vzv' + w! Vzw'>

(c5)

This term represents the dissipation of flow energy into heat. The
dissipation mechanism is laminar, as can be seen from the form of the

expression.

Writing the three basic equations for a two-dimensional flow with

three-dimensional turbulence yields

Continmuity equations:

> v
-a—x+'g§—-0
A dw _

= T3 %

(cs)

e
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Momentum and contimuity equations:
agwg;};gg:u@% gj‘; - SE) - 2 - 2 &
S + o) + S = 0 y
(c7)

Energy and continmuity equation:

1
_J

=2, 12 = 12 1 ' .
Zq +-§)+ u'(q—+£—)+ﬁu'u' + ¥

B — —\ 7]
(2. 72 = iz o\ _
-é-?'@-$+l—))+v'<-q—-+£—)+uu'v' +vviv |+
oy N 2 P 2 P ‘

Z o ] ,
%E'(QT- %—>+'ﬁu’w‘+\_ru‘wll

PR+ Vzw'>

)
ox

D
kel
1

(cs)

Because momentum;, energy, and continmuity conditions mist be
similtaneocusly satisfied, the momentum conditions-can be inserted in
the energy equation and equations of both momentum and energy, (and
also continuity) can be obtained.

In the energy equation the substitutions

lap—__aﬁ_- azﬁ' _a—l__; _a Taptl 1yr1
i u&_{ va_y+vv<§;2 -;2-) a;(uu) gl—r(uv)--a—(uw)
and

— _ 2 2
1 _ =0V 0oV (_____Bv ) s

39
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directly ylield

d |, far? '> = X
BEE-(‘_Z—-F%_]-'-,uu -&+
v v+g—u-;>+w—r'_;-g—§-=v@' Vzu'+v' vzv'+w' Vzw')

Therefore, it mist also hold that

2b - 2)- bt ) P oG 2]

_E%xv) ava') a(vw)] vazruvvzv)

Either the energy equation and the momentum equations or the two
energy and momentum equations can therefore be used.

Continuity, momentum, and energy equations:
9 |= ;TE qlz 12 E
&ET+ ——+—— +B— —+v' 2+p +
12 1 —_— T
&)

W(g:+—gg>+ viv! ?-— UQJ.' Vzu' + Vv Vevt + w! VzW')
Y Y

' (c9)
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and

06 1)) i g,

Trlé(g?) + a(if) + a(-g:’;)] = u(ﬁ VE + 7 v

(c10)

For the purposes of this report, equation (ClO) is integrated
across the boundary-layer section from y =0 to y.= &. This
equation of momentum and energy has been chosen because 1t deals
primarily with mean quantities. The viscous dissipation on the right
side of equation (ClO) can be neglected in comparison with the
turbulent-energy production. On the assumptions that Jp/dy is
actually negligible, that

ludp_ U E_,U v Ov'z v'za@
g3 p & U U U y2 & Y2 ox

T2, equation (CLO) is integrated to the following

4
g
5
7l
%
h

form:
5 _ NS —_—
a u 2 ( u'z-v'z) U* b w2 ( u'loy2
—_— — 1 - — (1+2=_}]dy+3 =— =11 -={1+2>—42—]]gq
dx o U2 [ Ul ué U \J o U U2 u2 Y

1 av' d fad S A5 <ET§-v'2
oo |, ale) e, Al )+
8 ————————
vl @ (2T,
T B\ w2 /%
0

((aER)

The right side of the preceding equation is twice the integrated
turbulent-energy-production terms from equation (C9); the factor 2 is
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introduced because on the left side there i1s twice the kinetic-energy

loss.
8 —— — T
= =2 < 12 12>
T a u'té-vy
={1-—=\1+2 —— dy = (Clz)
j; ] [ 02 w2 ¥ =¥y

and

i)
0
(c13)
give the integral momentum end energy equation as
g
= +3—11~G - 2E (c14)

or

—— ¥ U° = - 2U°E
Physically, the preceding equation should be written

Eic— (% pUslh-,) = - pU°E

or a/i
g - _af'z"’s‘*’té

ud

The loss of kinetic energy % pU ¥+ 1s equal to the total turbulent-

energy production over the boundary-layer volume‘Jj pUSE dx.
) 0
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